
ar
X

iv
:m

at
h.

C
O

/0
41

01
29

 v
1 

  6
 O

ct
 2

00
4

THE COVER PEBBLING THEOREMJONAS SJÖSTRANDAbstra
t. For any 
on�guration of pebbles on the nodes of a graph, apebbling move repla
es two pebbles on one node by one pebble on an ad-ja
ent node. A 
over pebbling is a move sequen
e ending with no emptynodes. The number of pebbles needed for a 
over pebbling starting withall pebbles on one node is trivial to 
ompute and it was 
onje
turedthat the maximum of these simple 
over pebbling numbers is indeed thegeneral 
over pebbling number of the graph. That is, for any 
on�gura-tion of this size, there exists a 
over pebbling. In this note, we prove ageneralization of the 
onje
ture. All previously published results about
over pebbling numbers for spe
ial graphs (trees, hyper
ubes et
etera)are dire
t 
onsequen
es of this theorem. We also prove that the 
overpebbling number of a produ
t of two graphs equals the produ
t of the
over pebbling numbers of the graphs.Introdu
tion. Pebbling, peg solitaire, 
hip �ring and 
he
ker jumping aresome kindred 
ombinatorial games on graphs. Put some tokens on the nodes,de�ne lo
al moves and you 
an start asking questions about 
onvergen
e,rea
hability and enumeration! But this is not a true des
ription of howthese games 
ame into existen
e. Ea
h one has its own roots in areas su
h asnumber theory, statisti
al me
hani
s, e
onomi
s and of 
ourse re
reationalmathemati
s.The pebbling game appeared in the 1980s and 
omes in two �avours. Inthe �rst version, played on a dire
ted graph, a move 
onsists in repla
inga pebble on one node by new pebbles on the adja
ent nodes, moving alongdire
ted edges. The 1995 paper by Eriksson [3℄ seems to have solved thisgame 
ompletely.The se
ond pebbling version, whi
h is still very hot, was introdu
ed in 1989by Chung [1℄ and is played on a 
onne
ted graph, dire
ted or undire
ted. Amove repla
es two pebbles on one node by one pebble on an adja
ent node,and this is the pebbling rule for the remainder of this paper.The most important rea
hability questions 
on
ern the pebbling numberand the 
over pebbling number of a graph, that is the smallest n su
h thatfrom any initial distribution of n pebbles, it is possible to pebble any desirednode respe
tively pebble all nodes. In a series of re
ent papers by Crull etal. [2℄, Watson and Yerger [7℄, Hurlbert and Munyan [5℄, and Tomova andDate: O
tober 6, 2004.1991 Mathemati
s Subje
t Classi�
ation. Primary: 05C99 ; Se
ondary: 05C35 .Key words and phrases. 
over pebbling. 1



2 J. SJÖSTRANDWyels [6℄, the 
over pebbling number has been derived for several 
lasses ofgraphs. These results are all spe
ial 
ases of our main theorem, 
onje
turedby Crull et al. in [2℄.General 
overs and simple distributions. Following Crull et al. we gen-eralize the situation like this: Instead of trying to pla
e at least one pebbleon ea
h node, we de�ne a goal distribution w of pebbles. A w-
over is adistribution of pebbles su
h that every node has at least as many pebbles asin w. We write w(v) for the number of pebbles on the node v in w. In thisterminology, the usual 
over is the spe
ial 
ase where w is the 1-distribution,i.e. w(v) = 1 for all nodes v. The w-
over pebbling number is the smallest nsu
h that, from any initial distribution of n pebbles, it is possible to obtaina w-
over. We will require w to be positive, i.e. there should be at least onepebble on ea
h node.A node v is fat, thin respe
tively perfe
t if the number of pebbles on it isgreater than, less than, respe
tively equal to w(v).The initial distribution is said to be simple if all pebbles are on one singlenode. For two nodes v and u, the distan
e d(v, u) from v to u is the lengthof the minimal path from v to u. (For a dire
ted graph, d(v, u) 6= d(u, v) ingeneral.) The 
ost from a node v of a pebble on a node u is 2d(v,u), and thesum of the 
osts from v of all pebbles in w is the 
ost of 
over pebbling from
v. In the graph below, 8 + 8 + 4 + 2 + 1 pebbles on v are ne
essary andsu�
ient for a 
over pebbling if w is the 1-distribution.
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v v vvFigure 1. A 
over pebbling from v needs 23 pebbles.In ea
h pebbling move, the total number of pebbles de
reases, but the totalvalue is invariant, if the value of a pebble is de�ned to be the number ofpebbles that have gone into it. Re
ursively speaking, the value of a newbornpebble is the sum of the values of its demised parents, the original pebblesbeing unit valued.The 
over pebbling theorem. For nonsimple initial distributions, 
ostsare ill-de�ned and there is no easy way to see if a 
over pebbling exists.The following theorem tells us not to worry about that when it 
omes to
omputing the 
over pebbling number of a graph, for this number is alwaysdetermined by a simple distribution.Theorem 1. Let w be a positive goal distribution. To determine the w-
overpebbling number of a (dire
ted or undire
ted) 
onne
ted graph, it is su�
ientto 
onsider simple initial distributions. In fa
t, for any initial distribution



THE COVER PEBBLING THEOREM 3that admits no 
over pebbling, all pebbles may be 
on
entrated to one of thefat nodes1 with 
over pebbling still not possible.Proof. Start with a distribution that admits no 
over pebbling.If there are no fat nodes, we 
an 
on
entrate all the pebbles to any of thenodes. The 
ost of 
over pebbling from this node is of 
ourse no less thanthe number of pebbles in w, so 
over pebbling is still not possible.If some node is fat, we will have to do some pebbling. During the pebblingwe will always maintain the following e�
ien
y 
ondition: Every pebble hasa value no greater than the 
ost from its nearest fat node (the fat node thatminimizes this 
ost). At the beginning all pebbles have the value one, so thee�
ien
y 
ondition is trivially satis�ed.Now pebble like this: Among all pairs (f, t) of a fat and a thin node, takeone that minimizes the distan
e d(f, t). Let fp1p2 · · · pd−1t be a minimalpath from f to t. Every inner node pi of this path must be perfe
t, sin
e if itwere thin, then (f, pi) would be a (fat,thin)-pair with d(f, pi) < d(f, t), andif it were fat, then (pi, t) would be a (fat,thin)-pair with d(pi, t) < d(f, t).Furthermore, f must be a nearest fat node to t and to every pi. Now weplay two pebbles on f to p1, then we play the new pebble on p1 togetherwith any old pebble from p1 to p2, then the new pebble and an old one on
p2 to p3, and so on, until we rea
h t.

- - - - -v v v v v

f p1 p2 pd−1 t

17 1 1 1 0

⇓

- - - - -v v v v v

f p1 p2 pd−1 t

15 0 0 0 1Figure 2. Playing two pebbles from f and 
ontinuing allthe way to t in the 
ase where w is the 1-distribution.The value of the new pebble on t is 2 plus the sum of the values of the oldpebbles on p1, . . . , pd−1 that were 
onsumed. By the e�
ien
y 
ondition thisis no greater than 2+21 +22+ · · ·+2d−1 whi
h equals 2d. Thus the 
onditionis satis�ed even after this operation. It is possible that f is no longer fat,but this only makes it easier to ful�l the 
ondition.We iterate the above pro
edure (
hoosing a new pair (f, t), and so on)until no node is fat. During ea
h iteration the total number of pebbles onfat nodes de
reases, so we 
annot 
ontinue forever.Let f be the fat node that survived the longest. Then ea
h pebble valueis at most equal to its 
ost from f . But there are still thin nodes, so the 
ost1Of 
ourse, this is not true if there are no fat nodes, but then any node will do.



4 J. SJÖSTRANDof 
over pebbling from f ex
eeds the total value of the pebbles. Therefore,
over pebbling is not possible with all pebbles initially on f . �The 
over number for some 
lasses of graphs. The 
over number isnow easy to 
ompute for any graph. Here is a table of some 
lasses ofundire
ted graphs, for the 
ase that w is the 1-distribution.
lass example 
over number
n-path n = 4: v v v v 2n − 1

2n-
y
le n = 2:
v v

v v

3 · (2n − 1)

(2n − 1)-
y
le n = 2: �
�T

Tv v

v

2n+1 − 3

n-dimensionalhyper
ube n = 3:
v v

v v

v v

v v

� �

� �
3n
omplete graph Kn n = 4: �

�T
T���
�

bb
v v

v

v 2n − 1
omplete multipartitegraph Kn1,...,nk
where

n1 ≥ · · · ≥ nk

n1 = 3
n2 = 2
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4n1 + 2n2 + · · · + 2nk − 3

n-wheel n = 4: �
�@
@v v

v v

v 4n − 5All the results in the table were previously known, but now, in the light ofour theorem, they are redu
ed to simple exer
ises.Produ
t graphs. One of the 
onje
tures in [5℄ is also an easy 
onsequen
eof our theorem. We will prove it in a mu
h more general form. Introdu
e thenotation G1�G2 for the produ
t2 of two (dire
ted or undire
ted) graphs.Let w1 and w2 be goal distributions on G1 respe
tively G2. De�ne a goaldistribution w1�w2 on G1�G2 by (w1�w2)(v1, v2) = w1(v1)w2(v2). Finally,let γw denote the w-
over pebbling number. Then we have the followingtheorem.Theorem 2.
γw1�w2

(G1�G2) = γw1
(G1)γw2

(G2).2V (G1�G2) = V (G1)× V (G2) and there is an edge from (u1, u2) to (v1, v2) if u1 = v1and there is an edge from u2 to v2 in G2, or if u2 = v2 and there is an edge from u1 to v1in G1.



THE COVER PEBBLING THEOREM 5Proof. The distan
e from (v1, v2) to (u1, u2) in G1�G2 is equal to the sumof the distan
e from v1 to u1 in G1 and the distan
e from v2 to u2 in G2, so,for any v1 and v2,
γw1�w2

(G1�G2) ≥
∑

(u1,u2)∈V (G1�G2)

(w1�w2)(u1, u2)2
d((v1 ,v2),(u1,u2)) =

=
∑

u1∈V (G1)

w1(u1)2
d(v1,u1)

∑

u2∈V (G2)

w2(u2)2
d(v2 ,u2) ≤ γw1

(G1)γw2
(G2).By the 
over pebbling theorem, we 
an 
hoose (v1, v2) to make the �rstinequality an equality. On the other hand, there are v1 and v2 that makethe se
ond inequality an equality. �A
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