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Abstract

Given a graph G and a configuration C of pebbles on the vertices
of GG, a pebbling step removes two pebbles from one vertex and places
one pebble on an adjacent vertex. The cover pebbling number v =
~(G) is the minimum number so that every configuration of v pebbles
has the property that, after some sequence of pebbling steps, every
vertex has a pebble on it. We prove that the cover pebbling number
of the d-dimensional hypercube Q¢ equals 3¢.
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1 Introduction

Given a graph G and a configuration C' of pebbles on the vertices of G, a
pebbling step removes two pebbles from one vertex and places one pebble on
an adjacent vertex. The pebbling number m = (@) is the minimum number
so that every configuration of m pebbles has the property that, for any given
target vertex, after some sequence of pebbling steps, the target has a pebble
on it. Two basic results are that the complete graph satisfies 7(K,) = n,
and that the path satisfies 7(P,) = 2"~ !, where n = n(G) is the number
of vertices of the graph G. The pebbling numbers of trees and cycles have
also been computed in [5] and [6], respectively. It is easy to see that n(G)
and 292m(%) are each lower bounds on 7(G), and K, and P, show that
these bounds can be tight (here diam(G) is the diameter of G). Chung [2]
proved that the d-dimensional hypercube, or d-cube, satisfies 7(Q?) = 2,
which interestingly is tight on both accounts. There is a radiply growing
literature on the subject (see [3]), including a handful of variations on the
theme such as optimal pebbling and pebbling thresholds.

In this paper we consider the cover pebbling number, first introduced in
[4]. The cover pebbling number v = v(G) is the minimum number so that
every configuration of v pebbles has the property that, after some sequence
of pebbling steps, every vertex has a pebble on it. Crull, et al. [4], find the

cover pebbling number of trees and complete graphs. Because n targets



must be reached instead of just one, the bound v(G) < n(G)7(G) holds in
general. In light of Chung’s result this yields 7(Q%) < 4¢. Here we prove

the following.
Theorem 1 The cover pebbling number of the d-cube is v(Q%) = 34.

In [4] is also defined the cover pebbling ratio p = ~v/w. Using Moews’s
result on trees, the authors show that p can be as small as 2 (cliques, paths)
and as large as n/lgn (brooms or fuses). In the case of cubes we have the

following.

Corollary 2 The cover pebbling ratio of the d-cube is p(Q?) = n'83~1 =

7’L'5849625"' .

Hereafter, since the cube is the only graph we study, we fix n = n(Q?) =

24,
2 Preliminaries

We begin by developing the terminology we will employ. A configura-
tion C' of pebbles on the vertices V(G) of a graph G is a function C :
V(G)—{0,1,2,...}, where C(x) is the number of pebbles on vertex xz. The

size of C' equals |C] = > _., C(x), the total number of pebbles on G. The

zeV
support of C' is the set 0 = 0(C) = {z € V | C(z) > 0} of vertices having
at least one pebble. We say that C is simple if |o(C)| = 1, is a cover if

o(C) =V(G), and is even if C(z) is even for every x. A vertex z is empty



if C(x) =0, a oneif C(z) =1, a two if C(z) =2, and is large if C(x) > 2.
The configuration C is called coverable if after some sequence of pebbling
steps no vertex is empty. If C' has a large vertex having an empty neighbor,
we say that C is open; otherwise it is closed. Finally, for the purposes of
this article, C is good if |C| > 3% — |o0(C)| + 1, and is sharp if equality holds.

We note that a simple configuration of size 3¢ — 1 is not coverable.
Indeed, to reach a vertex at distance i from a simple support requires 2°
pebbles, as shown by 7(P;41). Thus v(Q%) > Y% (4)27 = 37,

Our proof of Theorem 1 borrows an idea from Chung’s proof that
7(Q%) = 2¢ (see [2]). Using induction, she proved the extra statement
that Q7 had the 2-pebbling property. A graph G has this property if, from
every configuration C' that satisfies |C| > 27 (G)—|o(C)|+1, one can place 2
pebbles on any specified target. It is a curious property that suggests that
more concentrated configurations require greater size to maintain power.
For example, if C' is a cover on Q¢ then it needs only to be of size n+ 1 to
2-pebble an arbitrarily chosen target, while if it is simple then it needs to

be of size 2n instead. Somewhat analogously we prove the following.
Theorem 3 FEvery good configuration on Q% is coverable.

It is clear that Theorem 3 implies Theorem 1. It is also true that we

need only prove Theorem 3 in the case that C is sharp.



3 Proof of Theorem 3

As noted, we may assume that the configuration C is sharp. We may
assume that the configuration is closed since an open configuration can be
reduced to a closed one in finitely many steps.

If there is only one large vertex then we use induction on support size.
The base case has support size d + 1 and is easily coverable: only 1 +
ZLQ (?)Qi = 3% — 2d pebbles are needed on the large vertex and there
are exactly (3¢ — (d +1) + 1) —d = 3% — 2d pebbles on it. In general,
we compare the configuration to the one obtained by removing a one and
placing two pebbles on the large vertex. Because the new configuration is
also sharp and has smaller support size it is coverable. Since it takes at
least two pebbles to cover the newly emptied vertex, the remaining pebbles
can cover all other empties. Thus those pebbles can still cover all other
empties in the original configuration — that is, C' is coverable. Thus we
may assume there are at least two large vertices.

Because the configuration is closed this means that the support size is
at least |[N(u)|+ |N(v)|— |N(u)NN(v)| > 2(d+1) — 2 = 2d, where N(z) is
the closed neighborhood of . Hence, for d < 2 the configuration is already
a cover. Now assume d = 3.

If there are two antipodal large vertices then C' is a cover. Otherwise

if there are two nonantipodal large vertices then |o(C)| > 6. We will



assume that there are just two large vertices in this case; it is simpler to
make the arguments with more large vertices. Suppose |o(C)| = 6, then
|C| = 3% — 6 + 1 = 22. If the largest vertex has at least 13 pebbles then
it alone can cover the two empties, so let’s say it has at most 12 pebbles.
This means that the other large has at least 6 pebbles, meaning it can cover
its closest empty vertex. Since the largest vertex must also have at least 6
pebbles, it can cover the remaining empty. It is even simpler to argue that
such a configuration of support size 7 is coverable. Now we may assume
that d > 4, and we will argue by induction on d.

We use the natural labelling of V' (Q?) by binary d-tuples, with adjacent
vertices determined by Hamming distance 1. For any coordinate j we can
cut Q% into two copies of Q4~1, the top copy T = T; having j*" coordinate
equal to 1 and the bottom copy B = B; having j*® coordinate equal to 0.

For a given top/bottom cut of the cube, if both corresponding configu-
rations Cr and Cp are good then we are done by induction. Thus we may
assume that every such cut has |Cg| = 3971 —|op|+1— A for some A >0
(by swapping 0 and 1 on a cut (coordinate) if necessary, we can make sure

that it is the bottom rather than the top that fails the condition). Hence

Cr| (37— lo| +1) — |Cp|

(3d —lo|+1) - (?)di1 —log|l+1—A4A)

= B —jor|+ D)+ BT A1)



Since d > 4 we have 3972 > 291 > |op|. Thus 397! > 3|or| and so
39=1 —|op| + 1 > 2|or|. Consider a the configuration Ry of empties, ones
and twos on T that is congruent mod 2 to Cr and has the same support.
It has size at most 2|or| < 39~ — |op| + 1 and is domininated by Cr (that
is, Rr(x) < Cp(x) for all x € T'). Thus the configuration S7 = Cr — Ry is
even and has size at least 3971 4+ A — 1. Because C has at least two large
vertices we have |og| > 2. Therefore 0 < |Cp| < 3%9"! — 1 — A, and so
A < 3971 _ 1. This means that 3=+ A — 1 > 2A and so A pebbles from
St can be moved from T to B. This results in a good configuration on T

and a sharp configuration on B, and the proof is finished by induction.
4 Open Questions

We have seen in the case of cubes that there is a simple non-coverable
configuration of size v(Q?) — 1. This follows the behavior of complete

graphs and cubes, and so we reiterate a question first raised in [4].

Question 1 Is it true that every graph G has a noncoverable configuration

of size v(G) — 1 that is simple? !

If this is true then every graph G would have cover pebbling number (G) =

max,ecv(q) ZmEV(G) 2dist(v,2)  where dist(v,z) is the distance between v

IThis has recently been proved true by Vuong and Wyckoff [8] and also by Sjostrand
(7).



and z.

Define the cover pebbling ratio of a class F of graphs as p(F) = supger p(G).
We noted that the class of complete graphs and paths has cover pebbling
ratio 2, and that the class of trees has cover pebbling ratio n/lgn. Here

we discovered that the class of cubes has cover pebbling ratio n-5%.

Question 2 Is there an infinite class of graphs whose cover pebbling ratio

is either smaller than 2 or larger than n/lgn?
Another interesting pursuit is the following.

Question 3 Is there an appropriate graph invariant that identifies (rather

than characterizes) either large or small cover pebbling ratio?

As evidenced by paths, diameter is not such an invariant.
Graham’s nototious pebbling conjecture states that 7(GOH) < 7(G)w(H)

for every pair of graphs G and H, where O is the cartesian product.

Question 4 Is it true that every pair of graphs G and H satisfy v(GOH) <

Gy (H)? 2

This is true for cubes, and because of the lack of need in the cubes for a

special property like 2-Pebbling, this may be a simpler question to resolve.
For those who like probabilistic questions see, for example, [1] for the

definition of the pebbling threshold 7 for a sequence of graphs. The cover

pebbling threshold is defined analogously.

2This now follows trivially from the Vuong/Wyckoff [8] and Sjostrand [7] result.



Question 5 Is the cover pebbling threshold for a graph sequence equal to

O(pr)?

5
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