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Abstract Chung defined a pebbling move on a graph G as the removal of two pebbles from one vertex
and the addition of one pebble to an adjacent vertex. The pebbling number of a connected graph G, f(G), is
the least n such that any distribution of n pebbles on G allows one pebble to be moved to any specified but
arbitrary vertex by a sequence of pebbling moves. Graham conjectured that for any connected graphs G and
H, f(G x H) < f(G)f(H). In the present paper the pebbling numbers of the product of two fan graphs and
the product of two wheel graphs are computed. As a corollary, Graham's conjecture holds when G and H are
fan graphs or wheel graphs.
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Pebbling in graphs was first considered by Chung'*). Consider a connected graph with a fixed
number of pebbles distributed on its vertices. A pebbling move consists of the removal of two
pebbles vertex, and the placement of one of those two pebbles on an adjacent vertex. The pebbling
number of a vertex v in a graph G is the smallest number f(G,v) with the property that from
every placement of f(G,v) pebbles on G, it is possible to move a pebble to v by a sequence of
pebbling moves. The pebbling number of a graph G, denoted by f (G), is the maximum f(G,v)
over all the vertices of G.

A graph G is called demonic if f(G) is equal to the number of its vertices. Very little is
known of f(G) (see refs. [1-—6]). If one pebble is placed on each vertex other than the vertex v,
then no pebble can be moved to v. Also, if w is at a distance d from v, and 27 — 1 pebbles are
placed on w, then no pebble can be moved to v. So it is clearl!! that f(G) > max{|V(G)|, 2"},
where [V(G)| is the number of vertices of G, and D is the diameter of the graph GG. Furthermore,
we know that K,, and K,; are demonic when s > 1 and £ > 1 (see refs. [1, 2]), where K, is
the complete graph on n vertices, and K, is the complete bipartite graph whose two partition
sets have s and ¢ vertices respectively. But f(P,) = 2"~ (see ref. (1]), i.e. the graph P, is not
demonic when n > 2, where P, is the path on n vertices.

Given a pebbling of G, let p be the number of pebbles, g be the number of vertices with
at least one pebble, and let r be the number of vertices with an odd number of pebbles. We
say that G satisfies the two-pebbling property (rcsbectively, weak two-pebbling property) if it is
possible to move two pebbles to any specified target vertex whenever p and q satisfy the inequality
p+4q > 2f(G) (respectively, whenever p and r satisfy p+r > 2f(G)). Note that any graph which
satisfies the two-pebbling property also satisfies the weak two-pebbling property. Given a pebbling
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of G, a transmitting subgraph of G is a path z,,z, - - -, 4 such that there are at least two pebbles
on z; and at least one pebble on each of the other vertices in the path, except possibly z. In this
case, we can transmit a pebble from ; to x.

This paper explores the pebbling number of the Cartesian product of fan graphs. The idea
for Cartesian products comes from a conjecture of Graham!!l. The conjecture states that for
any connected graphs G and H, f(G x H) < f(G)f(H). It is worth mentioning that there are
a few results which verify Graham’s conjecture. Among them, the conjecture holds of a tree
by a treel®l, a cycle by a cycle!), a clique by a graph with the two-pebbling property!l and a
complete bipartite graph by a graph with the two-pebbling property?. In the present paper we
show that Graham’s conjecture holds of the product of two fan graphs or two wheel graphs. To
be exactly, we prove that the product of two fan graphs or two wheel graphs are demonic, i.e.
J(Fp % Ep) = f(Wy x W,,) = nm.

Throughout this paper G denotes a simple connected graph with vertex set V(G) and edge
set E(G). For any vertex v of a graph G, p(v) refers to the number of pebbles on v and d(v)
denotes the degree of v.

1 Fan graphs ;

A fan graph, denoted by Fy,, is a path P,_, plus an extra vertex connected to all vertices of
the path P,_;. Throughout this paper, a fan graph with vertices vg, vy, -+, ¥, in order means
the fan graph F,, whose vertices of the path P, _, are vy, ---,v,_; in order and whose extra vertex
is vo. The fan graph F, satisfies the two-pebbling property because the diameter of F,, is 2 {see
ref. [6]).

Theorem 1. The fan graph F), is demonic, i.e. f(F,)=n.

Proof. Suppose that there are n pebbles distributing on the vertices of F,,, where F,, is the
fan graph with vertices vg, vy, -+, vy in order. First, let the target vertex be vp. If p(vp) = 0,
then there exists some i € {1,---,n — 1} with p(v;) > 2. So we can move one pebble to vy from
v;. Next, suppose the target vertex is vg and p(vg) = 0 where k € {1,...,n —1}. We consider the
following three cases.

(i) If p(wo) = 2 or p(v;) 2 4 for some i > 1, then {vo,vx} or {v;,vg,ve} forms a transmitting
subgraph. So one pebble can be moved to vy.

(ii) If p(vo) = 1 and p(v;) < 3 for all i > 1, then there exists some v; with p(v;) 2> 2. So
{vi, v, v} forms a transmitting subgraph.

(iii) If p(vg) = 0 and p(v;) < 3 for all i > 1, then there must be at least one vertex vj with
p(v;) 2 2. If in addition there are at least two vertices v; and v; with 2 < p(v;),p(ve) < 3, then
we can move one pebble from vy to vg. So {vj,v, vk} is a transmitting subgraph. Otherwise,
there is only one vertex v; with 2 < p(v;) < 3. Therefore, for every v;, 1 <i <n—1andi# k,
we have p(v;) 2 1. So {vj,vj_1, -~ ,vx} or {vj,vj41, -, v} is a transmitting subgraph according
toj>korj<k.

1) Herscovici, D. S., Graham’s Pebbling Conjecture on Product of Cyeles, preprint.
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2 Cartesian product

Let G and H be two graphs, the (Cartesian) product of G and H, denoted by G x H, is the
graph whose vertex set is the Cartesian product

VIGx H)=V(G) x V(H) = (z,9)|lz € V(G),y € V(H),

and two vertices (z,y) and (2',y') are adjacent if and only if z = 2" and {y,y'} € E(H), or
{z,2'} € E(G) and y = y'. We can depict G x H pictorially by drawing a copy of H at every
vertex of G and ccinnecting each vertex in one copy of H to the corresponding vertex in an adjacent
copy of H. We write {z} x H (respectively, G x {y}) for the subgraph of vertices whose projection
onto V(G) is the vertex z (respectively, whose projection onto V(H) is y). If the vertices of &
are labelled by z;, then for any distribution of pebbles on G x H, we write p; for the number of
pebbles on {z;} x H, g; for the number of occupied vertices of {z;} x H and r; for the number
of vertices of {z;} x H with an odd number of pebbles. Note that p; and r; have the same parity
and r; < p;. Let {z;,z;} be an edge in G. If p(zi, yx) is even, then P(zi,yx)/2 pebbles can be
moved to (z;,yx) from (i, ye) and if p(z;, yx) is odd, then (p(z;,y;) —1)/2 pebbles can be moved
to (xj,yr), where y; is a vertex of the graph H. Anyhow we can thove (p; — r;) /2 pebbles to
{z;} x H from {z;} x H.

The following conjecture, by Ronald Graham, suggests a constraint on the pebbling number
of the product of two graphs.

Conjecture (Graham). The pebbling number of G x H satisfies f(G x H) < f(G)f(H).

Lemma 1. Let G be a connected graph. If p = [V(G)| + 1 and ¢ = |V(G)|, then we can
put two pebbles on any vertex of G.

Lemma 2. Let P; be the path with vertices Zy, £2 and 3 in order and let G be a connected
graph with the weak two-pebbling property. Consider the graph Py x G. If p; +r; > 2f(G) and
Ps +13 > 2f(G), then we can move two pebbles on any vertex (x2,v) in {2} x G.

Lemmas 1 and 2 are straightforward. The following lemmas are necessary in proving our
main theorem.

Lemma 3.1 Let K, be the complete graph on two vertices. Suppose that G satisfies the two-
pebbling property. Then f(K, x G) € 2f(G).

Lemma 4. Let P; be the path with vertices Z1, 23 and z3 in order and let F), be the fan
graph with vertices vg, vy, ,vp_; in order. Consider the graph Py x Fy,,. If py + 1, > 2f (Fm)
and p(x2,vp) > 2, then we can pebble any vertex (z3,v;) in {23} x Fp,.

Proof. If v; = vy, then one pebble can be moved to (z3,vp) from (z,vp). Next, suppose
that v; # vo. Since py +r11 > 2f(F,), we can put two pebbles on (2, v;) and these two pebbles can
be used to pebble (x5, v;). Therefore {(z2,v0), (x2,;), (3, v;)} forms a transmitting subgraph.

Lemma 5. Let K, be the complete graph on two vertices x1 and x4, and let F, be the fan
graph with vertices vg,v;, -+, ¥;_; in order. Epr+r =2f(Fp), pp—r; =2 and p(zy1,0) =0
in K3 x Fy,, then we can pebble any vertex (z,v;) fori=1,--- m—1.

Proof. By assumption, p, =m + 1 and r, = m — 1, so all vertices (z;,v;) except (z1,v)
in {z1} x F,, are occupied and there exists some (z1,v;) such that p(x1,v;) 2 2. So we can put
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two pebbles on any (x1,v;) except (zy,%) in {1} X F,,. Therefore one pebble can be moved to
(z2,v;) from (zy,v;) fori=1,--- m—1.

By Lemma 5 and the definition of two-pebbling property, we have

Lemma 6. Let P; be the path with vertices z;, 5 and z3 in order and let F,, be the fan
graph with vertices vo, v1,- -+, Um—1 in order. If p; +r, > 2f(Fy,), p(za,v0) 2 1, ps+13 = 2f(Fy)
and ps — r3 = 2, then two pebbles can be put on any vertex (z2,v;) in {z2} x Fp,.

Lemma 7. Let K, 3 be the star graph with vertices o, ), 2, and 23 such that d(zg) =3
and let F,, be the fan graph with vertices vy, vy, -+, vm_y in order. Consider Kisx Fp I
1> 2f(Fw), pi+ri = 2f(Fn) and p; — r; = 2 for i = 2, 3, then we can put two pebbles on
any vertex (zo,v;) in {z¢} X Fy,.

Proving Lemma 7 involves examining various cases of plx2,v9) and plxs,ve). We omit the
details here.

Lemma 8], Suppose that G satisfies the two-pebbling property. Consider the graph
Ky,n X G. Let vg be the vertex of K, , with degree n. To pebble a target vertex on {vo} x G, it
suffices to start with (n + 1) f(G) pebbles on K, , x G.

3 Pebbling F, x F,, .

Lemma 9. Let F,, be the fan graph with vertices Yo,¥1,°**,¥m—1 in order. Given a
pebbling of F,, let p be the number of pebbles and r be the number of vertices with an odd
number of pebbles. Then at least (p — r)/2 pebbles can be put on the vertex yp and at least
(p+r)/2 pebbles are still on F,,.

Proof. Suppose that p(yo) = t. For any i € {1,---,m — 1}, if p(y;) is even, then
P(y:)/2 pebbles can be moved to yo from y; and if p(y;) is odd, then (p(y;) — 1)/2 pebbles can
be moved to yo. Therefore ¢ + [(p —t) — (r — 6)]/2 > (p — r)/2 pebbles can be put on yo and
p=|[(p—1t) = (r—4)]/2 2 (p+r)/2 pebbles are still on F,,, where § = 0 or 1 according as ¢ is
even or { is odd.

Lemma 10. Let F, and F,, be two fan graphs with vertices vy, v; - - - ,Un—1 in order and
Yo: Y1, Ym—1 in order respectively. Suppose that f(F, x F,,) = n'm for all n’ < n and there
are nm pebbles assigned to vertices of F,, x Fy,. If py_3 =12 =m in F, x F.,, then we can
put one pebble on any vertex (va—y, %) in {vp_1} x Fp,.

Proof. If p,.1 > m, then we can pebble (v,_,,y;) since J({vn-1} x Fy) = m. Now
suppose that p,-; < m. Let F,,_; be the fan graph with vertices Vo, V1, "y Un—2 in order. Then
F,_; x F,, is a subgraph of F, x F,,. Since Pn—1 < m, there are at least (n — 1)m + 1 pebbles
on Fy,_y x F,. Note that in {v,_s} x F,,, every vertex is occupied by exactly one pebble. By
assumption, f(Fy—1 X Fy) = (n — 1)m. Keeping one pebble on (v,_s,y;) and remaining (n — 1)m
pebbles on F,,_; x F,,, we can put one more pebb.le on (vn—»2,¥;). Using these two pebbles on
(vn-2,ui), we can pebble (vn_y,y;).

Lemma 11. Let F, and F,, be fan graphs with vertices vg, vy, - - - ,Up—) in order and with
vertices yo,¥1,--*,Y¥m-1 in order respectively. Suppose that there are nm pebbles assigned to
vertices of F, X Fp,. If py +r; > 2m and
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n—2 P' e
Po + Pn—1 -l-z = 5 L < 2m,
i=1
then

n-2
3 (i +70) > 20 - 3)m —[py — 2m + 2 - 1)].

=2

Proof. Set

.

—g
m—02m+2-r) ~pi—Ti
k o j—
1 3 and k= ;—2 )
Then the assumption can be written as

Po+prrthi+hka<m-—-14+r.

From
n—1 n—2
nm = Zpgzpo+[(2m+2—r1) +2k1]+2p,-+p,._1
=0 §=2
n-2
=Po+[(2m+2—?‘1)+2k1]+Zf‘e+2kz + pp-1*
- ! n—-2
= pp + Pn-1 -I-(kl +k2)+(2m+2-—l‘j)+ (kl +k2+2r5) =
=2
we have
n-2
k1+k2+21",’ = ﬂm-(po+jJn_1+k1 +k2)—(2m+2—r1)
=2
Sam—(m-=1+r)—2m+2-n)
=(n-3ym-1
n-2
Therefore ky + ko + Z r; 2 (n—3)m and
=2
n—2 n—=2
Y i+ri) =2k +2) i 2 2n—3)m =2k
§=2 =2

So the result follows.
Theorem 2. The graph F;, x F,, is demonic, i.e. f(F, x F,) =nm.

Proof. The proof is by induction on n. It is trivially true for n = 1. Suppose that it is
true for n’ < n. In fact, if n € 5, then f(F, x Fy) = nm (see the footnote on page 471). Let
n 3 6, F, the fan graph with vertices vg, vy, -,¥n~1 in order and Fy, the fan graph with vertices

Yo,Y1," " »Y¥m—1 in order. Suppose that there are nm pebbles assigned to vertices of F, x Fy,,.

First, suppose that the target vertex is (vi,y;), wherei =0,2,---,n—2and j =0,1,---,m-1.
For the vertex (vg,y;), by Lemma 8, f(Fy X Fin, (vo,y;)) = nm. Nowlet2<i <n—2. If pi+po =
2m, then we can move one pebble to (v;,y;) by Lemma 3. We may assume that p; +po < 2m. Let
pi+po =2m—t witht > 0, py +---+pi—1 = (i—1)m+t; and pigy +- -+ Pay = (n—1-i)m+ts,

where t = t; + t5. We consider the following two cases.

e )
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(i) When t; > ¢ or i, > {, since
P+t Fpatrp=Cm-t)+(i-Um+t, 2+ )m
or
P+pi+pipit+ P =Cm—-t)+(n—=1-i)m+t; 2 (n—i+ 1)m,

one pebble can be moved to (v;, y;) by induction on n.
(ii) When t; < t and t; < t, we consider the following two subcases.
Subcase 1. If
1 n—1 1 i-1
52 e=re) 2t or ) (-T2,
k=i+1 k=1
then

Zm+ Z(Pj;—rk) i—-1m+ti+2m—t+ty=(i+1)m

kﬁ:-i-l
or
P0+Zm Z(pk—’rk @2m-t)+(n-1—diym+ty+t; =(n—i+1)m.
=i
So, by induction on n, we can pebble (v;,y;). :
Subcase 2. If j
> Z (px —ri) <ty and 22(}7& —rp) <ty
k‘"l+1 k=1
then
n-—1 n-=1 n-1 n-1
Yo eetr)= Y et D me>2 ) p-2=2n-1-ijm
k=i+1l k=i+1 k=i+1 k=i+1
and I
Z(Dk +r) = Zpk -E-Er.t > 221& -2 = 2(3 - 1)m.
=] Je=]

Hence there exist some a, § with t+1 asn—-11% ,!9 Li—1,patre >2mand pg+rz > 2m.
Since F, satisfies the weak two-pebbling property, we can put two pebbles on (vp,%;) by Lemma
2. Therefore, one pebble can be moved to (vq, y;)

Next, let the target vertex be (vn-1,¥)- Hpo+pa+ -+ pa—y 2 (n = 1)m, then we can
pebble (v,—1,y;) by induction hypothesis. So we may assume that py+ps+---+pa-1 < (n—1)m.
Set pp+p2++--+pn-1 = (n—1)m — s with s > 0. Then p; = m + s. Consider the following two
cases.

(i) Let py +ry € 2m. Then s < m—r;. From 25 € (m+8) —r, = pp — 1, we get

< (pr — m)/2. First we move (_p1 ~11)/2 pebbles to {vwy} x Fy, from {v,} x F,,. Since
Po+pe+- -+ pa_y+(p —11)/2 2 (n — 1)m, we can pebble (v,, l,yj) by induction on n.

(i) Let py + 71 > 2m. If p; + r; > 2m for some i with 2 € i € n — 2, then we can put two
pebbles on (vg,y;) by Lemma 2. So one pebble can be moved to (vn-l ,;j) from these two pebbles
on (vg,y;). Now suppose that p;+ri < 2mforall 2<i<n~2. If

1
Po + Pn—1 + 5[(391 _'rl) + x4 (Pr—z "'fn—d)] z 2m,



476 SCIENCE IN CHINA (Series A) Vol. 45

then we can pebble (v,-1,y;) by Lemma 3. In the following, suppose that

Po+Pn-1+ %[(m —r1) + -+ (Pn-2 = Tn-2)] < 2m.

We consider the following five possibilities.

(a) Let py — (2m + 2 —ry) 2 8. It is clear that ry € m, so p —r; 2 8. By Lemma 9,
we can put 4 pebbles on (v;,yp) and then 2 pebbles can be put on (vo,%0). Remember that at
least (2m + 2 — r;) pebbles are still on {v;} x F,,. We can pebble arbitrary vertex (v,_y,y;) in
{vn-1} x Fin by Lemma 4.

For the next 4 possibilities, if one of the following 4 conditions is satisfied, then we are done.

Condition 1. p,-2 = rp-2 = m, the result follows from Lemma 10.

Condition 2. There are at least 2 i’sin {2,---,n — 2} with p; +rs =2m and p; — r; = 2.
The result follows from Lemma 7.

Condition 3. There are at least 2 ¢’s in {2, ,n — 2} with p; = r; 2 4. The result follows
from Lemmas 9 and 4.

Condition 4. There is only one i € {2,---,n — 2} with p; — r; 2 4 and there is at least
one £ € {2,---,n — 2} with p; + r; = 2m and p; -~ r¢ = 2. The result follows from Lemmas 9 and
6. .

Therefore for the next 4 possibilities we consider only the following conditions.

Condition 5. There is only one i € {2,---,n — 2} with p; —r; > 4 and p; + ¢ = 2m
implies py =ry=mfor all £ € {2,---,n = 2}.

Condition 6. p; —r; < 2forall i € {2,---,n — 2} and there is some £ € {2,---,n — 2}
with ps +7¢ = 2m and p; —ry = 2.

Condition 7. p;—r;<2foralli€ {2,---,n—2} and p¢ + r, = 2m implies pp =1, =m
forall £€ {2,.--,n~2}. ,

(b) Let py — (2m +2—r)) = 6. By Lemma 11, pg 4+ 1 2 2m—6forall k€ {2,---,n—2}. I
Condition 7 is satisfied, then ps 4+ ro = 2m, 2m — 2 or 2m — 4 because p; + r2 = 2m — 6 implies
that p,_2 = rp—2 = m, i.e. Condition 1 holds. When p, +r; = 2m, p» = rp» = m. We keep
(2m+2—7,) or more pebbles on {v; } x F},, and transfer one pebble to {vy} x Fy,. Then we can put
two pebbles on (v;,y;) and on (va,y;). Therefore one pebble can be moved to (vo,y;) from (vy, ;)
and then {(vs,¥;), (vo.¥;), (vn—1,y;)} forms a transmitting subgraph. When py +ry = 2m — 2, we
transfer 3 pebbles to {v2} x F}, from {v,} x F,,, while keeping (2m +2—r,) pebbles on {v, } x F,,.
Now in {va} x Fy,, we have p; + g2 2 (2m — 2) + 3. Thus we can put two pebbles on any vertex
in {v;} x F,,, and on any vertex in {v2} X Fy,. So we can pebble any vertex in {vn—;} x F, as
above. When po + 1 = 2m —4, pp_92+rp2=2m—2, p3 +7r3 = 2m and p; = r3 = m. We
transfer 3 pebbles to {vz} X Fy, from {v;} x F,, while keeping (2m + 2—r;) pebbles on {v; } x F,,.
Therefore there are at least (m + 1) pebbles on {vs} x F,. We can transfer one pebble from
{ve} x Fy, to {vs} x Fy,. Thus two pebbles can be put on any vertex in {v;} x F, and on any
vertex in {vs} x Fp. In the sequel, we can pebble any vertex in {vn,—1} % F,. In the following,
we may assume that Condition 5 or Condition 6 is satisfied. Since p; = (2m +2—r;) +6, i.e.
pp —ry > 6, we can put two pebbles on (v;,y9) by Lemma 9 and these two pebbles can be used
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to put one pebble on (vg,y0). Remember that there are still (2m + 2 — r;) or more pebbles on
{v1} x Fyn. If Condition 5 is satisfied, then we can put two pebbles on (v;,yg) by Lemma 9. Using
these two pebbles we can put one more pebble on (vg,yg). Therefore we can pebble any vertex in
{vn-1} x Fin by Lemma 4. If Condition 6 is satisfied, then we can put two pebbles on any vertex
in {tp} x F,, by Lemma 6. So one pebble can be moved to any vertex in {v,_;} x F,, by using
these two pebbles.

{c)Letpy —(2m+2—-r;)=4. Then pp +r 22m -4 for all k € {2,---,n — 2} by Lemma
11. The same process in (b) is used.

(d) Let p; — (2m + 2 — r;) = 2. By Lemma 11, there is just one k € {2,---,n — 2} with
Pr+71e =2m—2and p;+rs = 2m for any s € {2,--- ,n—2} and s # k. If Condition 5 is satisfied,
then either py — rr 2 4 or pr — 7% £ 2. Let pr. — ry = 4, then k = n — 2 because k # n — 2 means
that Condition 1 is satisfied. So p» +r; = 2m and p, = 2 = m. We keep (2m + 2 — r;) pebbles
on {v;} x Fj; and move one pebble to {vs} % F,. Thus we can put two pebbles on both (vy,y;)
and (vg,y;). In the sequal, we can pebble our target vertex (vn-1,y;). Let pr —ri < 2, then there
exists some i € {2,---,n — 2} such that p; +r; = 2m and p; — r; 2 4. If |i — k| 2> 2, then there
is some t € {2,---,n — 2} such that |i —¢| = 1, py + 7, = 2m and p, = r, = m. We can move
one pebble to {v;} x F,, from {v;} x F,,. Therefore we can pebble our target vertex as before.
If i — k| = 1, then {i,k} = {n — 3,n — 2} since Condition 1 does not hold. Thus p» + r, = 2m
and p» = r, = m. The same process as before could be done. If Condition 6 or Condition 7 is
satisfied, then the same process as above could be done.

() Let py — (2m+2—1r;) = 0. By Lemma 11, py + 7, =2m for all k € {2,--- . n—2}. If
Condition 5 (respectively Condition 6) is satisfied, then it must be p,_o — r,_2 > 4 (respectively
Prn-2 —Tn-2 = 2) and py = rp = m for all k € {2,---,n ~ 3}. We can move one pebble to
{tn-3} X Fp from {va_2} X Frn. By Lemma 1, we can put two pebbles on any vertex (vn-3,y;)
in {v,-3} x F}, and these two pebbles can be used to put one pebble on (vg,y;) in {ve} x
F. On the other hand, two pebbles can be put on (vy,y;) since p; + r; > 2m. Therefore
{(v1,;), (vo,y;), (¥n-1,¥;) forms a transmitting subgraph. Note that Condition 7 cannot happen
because p,_2 = ry,_2 = m is impossible.

Finally, if the target vertex is (vy,y;) for some y;, then we can prove it in the same way as
in the case in which the target vertex is (vn—1,¥;)-

A wheel graph, denoted by W,,, is a cycle Cy,_; plus an extra vertex connected to all vertices of
the cycle C,,—;. From ref. [1] we know that if G' is a spanning subgraph of G, then f(G") = f(G).
Since F;, is a spanning subgraph of W,,, and F,, x F,;, is a spanning subgraph of W, x W,,, we
can obtain the following theorem.

Theorem 3. Both the wheel graph and the product of two wheel graphs are demonic, i.e.
f(W,) =n and f(W, x W,,;) = nm. :

From Theorems 2 and 3, we know that Graham's conjecture holds for the product of fan
graphs or the product of wheel graphs.
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